INTRODUCTION
During the past few decades, many researchers have worked on functionally graded materials (FGMs) to study their properties such as thermodynamical, mechanical, chemical, optical, electromagnetic and biological aspects. As a major point, non-homogenous distribution of background is a trait of FGMs as the composition varies gradually in some directions (Paulino, 2002) .
Although considerable attention has been paid to produce FGMs, it seems that the utility of FGMs with metallic base is still under investigation. Functionally graded steels (FGSs) are originally produced from austenitic stainless and carbon steels by electroslag remelting (ESR). ESR process, which was patented by *Corresponding author. E-mail: sadough@aut.ac.ir.
Hopkins while he worked for M.W. Kellogg Company (Hopkins, 1940) , is widely used for refining and producing the pure steels (Aghazadeh et al., 2005) . In the production process, electrodes are ferritic steel AISI 1020 and austenitic stainless steel 316L which are used in various configurations and welded together by a point to point method. During the remelting process, alloy elements such as chromium and nickel are diffused from austenite layer to adjacent ferrite layer and also carbon is diffused from ferrite layer to the other ones. Accordingly, the transformation properties are varied in the austeniteferrite interfaces resulting in graded chemical composition between the two primary phases. Hence, different phases emerged based on different primary electrode configurations such as bainite and martensite.
where ά and γ ȧre ferrite and austenite steel in initial electrodes. α, γ, β and M refer to graded ferrite, austenite, bainite and martensite layers in the final composite respectively. Also, el, com and R´ respectively denote the electrode, graded composite and remelting. It is very important for designers of formation process to investigate the mechanical behaviors of materials in hot deformation; that is because of the effective role of metal flow stress on metallurgical behaviors (Cai et al., 2010) . Understanding the dependence of the behavior of materials on strain rates is of great significance for many engineering fields. In general, increasing the strain rate and decreasing the temperature both enhance the resistance of plastic deformation and cause a rise in the flow stress of metals. Therefore, the effects of strain rate and temperature are usually coupled together and should be considered simultaneously in studying the behavior of materials. In the past decades, a number of constitutive models have been proposed in order to describe the strain rate and temperature dependent behavior of materials (Zener and Hollomon, 1944; Johnson and Cook, 1985; Zerilli and Armstrong, 1987; Follansbee and Kocks, 1988; Nemat-Nasser et al., 1998b; Bonora and Milella, 2001; Armstrong and Walley, 2008) . In this regard, lots of empirical and theoretical investigations have been carried out on various kinds of single phase steels (Farnoush et al., 2010) , dual phase stainless steels (Momeni and Dehghani, 2011; Spigarelli et al., 2010; Farnoush et al., 2010; Fang et al., 2009 ) and single phase stainless steels Cingaraet and Mcqueen, 1992) all of which used constitutive material models and processing maps in order to describe the hot deformation behavior. The constitutive or empirical equations require a number of constants derived through fitting the experimental data in a single equation.
In the previous studies, FGSs with various configurations were produced and the transformation properties of them were examined. In addition, Vickers hardness test profiles along with composite height were available (Aghazadeh et al., 2005) . The tensile behavior of FGSs was experimentally examined and modeled. Moreover, tensile strength properties of the single-phase specimens with chemical composition in accordance with the average composition of the initial electrodes, singlephase bainitic and single-phase martensitic layers in FGS composites, was studied by Aghazade et al. (2006) .
According to the explanations, the aim of this work is to develop a constitutive equation utilizing the Z-H formula according to hyperbolic sine function to describe the hot compression behavior of αβγMγ composites. Also, a complete analytical model for estimation of the flow stress of αβγMγ composites under hot deformation condition is obtained based on Z-H formula without considering the empirical results of FGSs under hot compression test. In this model, only boundary conditions of boundary layers (ferrite, austenite, bainite and martensite) based on graded behavior of composite is used.
Vanini et al. 5231
ESTABLISHING HOT DEFORMATION EQUATION
Among the proposed constitutive equations for flow stress, the Z-H formula (Zener and Hollomon, 1944) which is in good agreement with empirical results for a majority of materials shows the continuous effect of temperature and strain rate as the following relation:
in which έ ,Q ,T and R are strain rate (s ) respectively. Z is a parameter that depends on the working temperature and strain rate and is obviously constant for specified values of temperatures and strain rate. The term exp(Q/RT) specifies the process of heat activation and Q indicates the speed of atomic mechanism control. On the other hand, some relations such as the followings have been used to characterize the Z parameters (Shi et al., 1972) :
where n, A, A', A", α´ and β´ are material constants and α´=β´/n (Mcqueen and Ryan, 2002) . The exponent based relation in Equation 2 is suitable for expressing the stress variations in low stress loadings (α´σ<0.8) in which n do not depend on temperature. The exponential function suits for high stress loadings (α´σ>1.2) while hyperbolic sine function represents an appropriate description of flow stress in hot deformation loading conditions with high strain rates and also covers creep in low strain rates. In this case, the well known hyperbolic sine function, proposed by Sellars and McTegart (1966) gives better results which are in agreement with empirical results. Therefore, Equation 1 changes to the following form:
In former investigations, compression test was carried out on the specimens with αβγMγ functionally graded constructions in the temperature range of 1000 to 1200°C and strain rates of 0.01, 0.1 and 1.0 s -1 (Naderi and Aghazadeh, 2011) and their results are given in Table 1 . The regression analysis of data leads to determination of the Z-H formula constants from the following equation as derived from Equation 3.
ln ln ln sinh( ) (Figure 1a) . By applying the optimization procedure, the amount of α´ is obtained equal to 0.0106 for which the empirical lines become parallel. Next, the activation energy in a constant strain rate can be calculated from the following equation:
By plotting ln [sinh(α´σ) ] versus the inverse of temperature (Figure 1b) , the average slope of the lines represents the Q/nR and the process activation energy is determined as 365.67 kJ.mol -1
. In Figure 1 , the lines' slope varies slightly and this shows that the values of n and Q are relatively in the range of test temperatures and strain rates. These results show that the controlling mechanisms of deformation of αβγMγ steels are relatively the same in the test range. Therefore, by inserting the described constants into the hyperbolic sine function, 
Here it must be noted that, a good correlation is obtained from calculation of Z parameter considering Q=365.67 kJ.mol -1 and α´=0.0106 MPa -1 with the empirical data while the correlation coefficient is about 0.988 as shown in Figure 2 . In addition, from Equation 2 the intercept of lnZlnsinh(α´σ) fitting lines gives the values of Ln(A). Therefore, the value of A is determined from Figure 2 equal to 8.55 × 10 13 s -1
. As the compression temperature raises and the strain rate falls, the compression flow stress calculated from Equation 6 decreases that can be observed in Figure 3 .
In order to clarify the consistency of the developed constitutive equation for αβγMγ steels based on the Z-H formula at different working temperatures and strain rates, a comparison is made between the experimental data and the results of this model as shown in Table 1 .
For evaluation of the results accuracy, the error percentage of the predicted flow stress σ Z from Equation 6 in comparison with the experimental data σ P (Naderi and Aghazadeh, 2011) can simply be calculated from the following relation:
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The corresponding results are given in Table 1 while shown that the predicted flow stresses are in excellent agreement with those of experimental investigations. It is to be noted that the empirical relation of Equation 6 was assumed as a simple relation of test information that can easily be used for modeling of hot compression of FGSs.
ANALYTICAL MODELING
Variations in material behaviors under hot compression loadings have been modeled and investigated by many researchers Dehghani, 2011, 2010; Farnoush et al., 2010; Lin et al., 2009 ). In the majority of such investigations, constitutive equations have been utilized to describe the flow stress as a function of working temperature and strain rates. These equations include parameters obtained from accommodation of empirical results and constitutive equations. As the empirical experiments are difficult to conduct and test instruments are not precise, various results are gained considering various equations even for a specific alloy. Therefore, proposing a theoretical model for flow stress of FGSs in hot deformation conditions regardless of empirical results is appropriate. In the present model, the composite is divided into sequential layers in the direction of height so that each layer could be considered with homogenous properties. Therefore, all the layers have the same stress in this case as illustrated in Figure 4 since cross section of the FGS element is constant through this direction. Layers' distribution is carried out considering 10 units variation in the Vickers hardness value along the height of specimen. Here, the FGS elements consist of ferrite-bainite (α-β), bainite-martensite (β-M) and martensite-austenite (M-γ) regions. For illustration, the schematic plot of i-th layer within the α-β region is shown in Figure 5 .
Consider a FGS specimen with I layers with the same cross sectional areas as shown in Figure 6 in which L and L i are the composite initial length and i-th layer initial length respectively. Any assumptive axial deformation in this case leads to deformation of each layer as ∆L i while ∆L com is the total deformation of the FGS specimen so that ∆L com =∑∆L i . Consequently, the total axial strain ε of the specimen can be obtained as follows: 
where ε i , I and f vi are the i th layer's strain, total number of layers and volume fraction of i th layer, respectively. Differentiating from both sides of Equation 8 yields:
where έ, έ i and ḟ vi are composite stain rate, strain rate of the i-th layer and volume fraction variation rate, respectively. In this stage, it must be noted that most of the researchers have neglected variation of the volume fraction during severe deformations. Therefore, the second terms in each Σ of Equation 9 would be zero. But in the present study, regarding the presence of martensite layer beside the ferrite and austenite layers, the neglect of volume fraction variations is not a good treatment. Assuming that the strain rate and volume fraction variation rate of each layer remain constant during the deformation, these parameters can be estimated equal to their average as f v i =∆f vi / t, έ=ε / t and έ i = ε i / t. Hence, f ̇v i after deformation can be investigated from the following relation:
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in which L´ and L´i are the total length of specimen and the length of i-th layer after deformation. Consequently, variation of the volume fraction will be equal to:
Finally, f v i according to initial volume fraction of that layer is obtained as:
The steady state strain in the compression test is considered to be -0.5 (Naderi and Aghazadeh, 2011) so that Equation 10 can be rewritten as follows:
Substituting Equation 13 into Equation 9 the following relation will be obtained for the specimen's strain rate: On the other hand, the i-th layer's strain ε i is obtained considering Hollomon equation in plastic zone and Hook's law in elastic zone of stress-strain curve (Aghazadeh et al., 2006) as follows:
In this equation σ i , σ yi , ε yi and n´I are the i-th layer's stress, yield stress, yield strain and the strain-hardening exponent respectively while E is Young's modulus that is constant in graded region of FGS composites. It has been seen that in the theoretical models for FGMs, the mechanical properties such as elastic modules is assumed to be exponential, power or linear functions (Nazari and Aghazadeh, 2009 ) along the material grading. On the other hand, the yield stress (σ y ) is proportional to the Vickers hardness VH while the strain hardening exponent (n´) varies exponentially with layer positions (Aghazadeh et al., 2006) as follows: T) ) for the yield stress in which C and D are material constants and m is the strain rate sensitivity. Moreover, C expresses the thermal component of the yield strength which is independent of temperature and D is proportional to the Q. on the other hand, according to the Milella's model, for a given strain rate m is proportional to ln(σ y ) and for a given temperature Q is proportional to ln(σ y ). Consequently, variations of these parameters in graded region are obtained as follow:
where C i in which i=1,2,..,8 are constant parameters obtained from boundary conditions of each region are applicable for all the layers of that region. The value of stress coefficient (α´) is about 0.01 and its variation can be neglected. Therefore, α´i was considered the same as ferrite phase (α´α) for the layers inside the α-β region and the same as austenite phase (α´γ) for the other regions layers. For example, for the ferrite-bainite region, the boundary conditions are stated as follows:
Hence, according to Equations 17 to 20, the parameters of Z-H formula and yield stress of the layers inside this region are obtained as follows:
In these equations, Indices i, α and β represent the i-th, ferrite and bainite layers respectively. The values of several parameters and also positioning of the layers within the β-γ region are listed in Table 2 . Parameter values are determined for β-γ and M-γ regions in the same manner. In contrast, parameter determination for β- M region that contains a graded austenite region (γ´) between the martensite and bainite layers is different. As can be seen in the present composite hardness distribution curve, hardness curve in β-γ´ and M-γ´ was similar to β-γ and M-γ regions in αβγ and γMγ, respectively. Therefore,
where P β-M , P β-γ and P γ-M represent the distribution function of parameter P in β-M, β-γ and M-γ regions, respectively. After determining the Z-H equation parameters for each layer and considering Equation 3, each layer's strain rate is expressed as a function of temperature and flow stress as follows:
